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We discuss the evaporation and antievaporation instabilities of Nariai solution in extended theories
of gravity. These phenomena were explicitly shown in several different extensions of General Relativ-
ity, suggesting that a universal cause is behind them. We show that evaporation and antievaporation
are originated from deformations of energy conditions on the Nariai horizon. Energy conditions get
new contributions from the extra propagating degrees of freedom, which can provide extra focal-
izing or antifocalizing terms in the Raychanduri equation. We also show two explicit examples in
f(R)-gravity and Gauss-Bonnet gravity.
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1. INTRODUCTION
Evaporation/antievaporation instabilities were firstly discovered by Bousso and Hawking in degenerate
Schwarzschild-De Sitter BH (Nariai solutions), in context of quantum gravity coupled with a dilaton field [1] – elabo-
rated later on in Refs. [2–4]. Intriguingly, classical evaporation/antievaporation were re-discovered in various different
extensions of General Relativity: f(R)-gravity, f(T)-gravity, Gauss-Bonnet gravity, Mimetic-gravity, string-inspired
gravity, Bigravity, Bardeen gravity and so on [5–14]. Recently, we have shown how that Evaporation/Antievaporation
effects cause back-reactions which turns of the Bekenstein-Hawking radiation [15, 16]. However, the origin of this
phenomena was not clarified in literature.
Why were evaporation/antievaporation instabilities found in so different extended theories of gravity?
Is there any universal cause behind evaporation/antievaporation instabilities?
In this paper, we show how evaporation/antievaporation are related to the deformation of energy conditions in
extended theories of gravity. In particular, the presence of extra degrees of freedom propagating in extended theories
of gravity can provide contributions to the energy-momentum tensor, i.e. they compose a geometric fluid pervading
the space-time [17–19]. In other words, the evaporation/antievaporation can be interpreted as outfalling/infalling
fluxes of the geometric fluid inside the horizon. This is exactly the source of evaporation/antievaporation if and
only if the extra terms provide extra repulsion/attraction contributions to the Ricci tensor. In fact, new terms
antifocalize/focalize space-time Cauchy hyper-surfaces so that they are dynamically attracted outside/inside the BH
interior.
The paper is organized as follows: in Section 2, we review general aspects of energy conditions in Extended theories
of gravity, in Section 3 we show our main arguments on evaporation and antievaporation, in Section 4 we shown our
conclusions.
2. ENERGY CONDITIONS IN EXTENDED THEORIES OF GRAVITY
Eulero-Lagrange equations of motion of locally Lorentz invariant Extended theories of gravity can be written in a
universal form as follows:
G1(Ii)(Gµν +Hµν) = −8piGNG2(Ii)Tµν , (1)
where G1,2(Ii) are functionals of either curvature invariants whileHµν is a new geometrical tensor. G1,2(Ii) will modify
matter gravity couplings. For simplicity, we will consider the case G2 = 1. Hµν will correct the energy-momentum
tensor with a new geometric term. In fact, Eq.(1) with G2 = 1 can be rewritten as
Gµν = −8piGN T˜µν , (2)
where
T˜µν = G−11 T µν +
1
8piGN
Hµν . (3)
2The general Raychaudhuri equation is
θ˙ +
θ2
3
+ 2(σ2 − ω2)−W i;µ = −RµνWµW ν , (4)
where σµν , ωµν are the shear and vorticity tensors; W
µ is the the vector orthogonal to a D-dimensional Chauchy
surface satisfying Wµhµν = 0, where hµν is the metric induced on he Chauchy manifold; θ is the expansion scalar
function, θ˙ = dθ
dλ
where λ is an affine variable. The optical Raychauduri equation has a zero vorticity tensor:
θ˙ +
θ2
3
+ 2σ2 = −RµνWµW ν . (5)
For completeness we also remind the formal definition of σ, ω, W˙ , θ in terms of the metric tensor and the vector W :
hµν = gµν +WµWν , (6)
θ = hνµ∇νWρhµρ , (7)
W˙µ =Wν∇νWµ , (8)
σµν = h
ρ
(µ∇ρWσhσν) −
1
3
hµνh
δ
ρ∇δWγhργ , (9)
ωµν = h
δ
[µ∇δWσhσν] . (10)
The Raychaudhuri equation is governed by GR field equation and it is constrained by energy conditions. For the
completeness of our following discussions we will briefly review the energy conditions followed by ordinary matter in
GR.
The Strong energy condition states that
T˜µνW
µW ν − 1
2
T˜WµWµ ≥ 0 , (11)
where Wµ is a time-like 4-vector, i.e. W 2 = −1. This condition is related to an attractive nature of gravity, i.e.
RµνW
µW ν ≥ 0.
The Null energy condition is
T˜µνk
µkν ≥ 0 , (12)
where kµ is the null-like vector satisfying k2 = 0. The Strong energy condition inevitably implies that the Hamiltonian
of systems is unbounded from below and that Rµνk
µkν ≥ 0. The null energy condition in Eq.(5) implies the focusing
attractive nature of gravity.
The Weak energy condition is
T˜µνW
µW ν ≥ 0 , (13)
where Wµ is a timelike vector.
The effective energy-momentum tensor can be rewritten as
T˜µν = ρ˜WµWν + p˜[gµν +WµWν + Π˜µν + 2W(µq˜ν)] , (14)
where
ρ˜ = T˜µνW
µW ν , p˜ =
1
3
T˜µνh
µν , q˜µ =W ρT˜ρνh
µν , (15)
Π˜µν =
(
hµρhνσ − 1
3
hµνhρσ
)
T˜ρσ, h
µν = gµν +WµW ν , (16)
where p˜, ρ˜ are effective pressure and energy-density, q˜µ is the effective energy/heat flow vector, Π˜µν is the effective
anisotropic stress tensor, hµν is the induced metric on the Chauchy hypersurface.
33. ANTIEVAPORATION AND ENERGY CONDITIONS
In this section, we will discuss a generic Nariai antievaporating solution and its relations with energy conditions.
The Narai space-time is
ds2 =
1
Λ
[
− 1
cosh2 x
(dx2 − dt2) + dΩ2D
]
(17)
where Λ is the cosmological constant of De Sitter, dΩ2D is the solid angle on a (D− 2)-sphere and the scalar curvature
is constant R ∼ Λ. The stability of this solution can be with methods of the perturbation theory. A convenient
parametrization can be
ds2 = e−ρ(x,t)(dx2 − dt2) + e−φ(x,t)dΩ2D (18)
where
ρ(x, t) = −ln(
√
Λ coshx) + δρ(x, t) (19)
φ(x, t) = ln
√
Λ + δφ(x, t) (20)
If δφ(x, t) = −f(x, t) where f(x, t) is a growing function in time, the Nariai solution will have an antievaporation
instability because of the Schwarzschild radius will grow as
rBH ∼ 1√
Λ
ef(t) (21)
As a consequence, that external time-like surfaces will be attracted inside the BH interior. As shown in [? ], an
emitting marginally outer 2-surface Atime−like and the non-emitting one can be defined from the optical Raychaudhuri
equation. The divergence of the outgoing null geodesics is defined as θˆ+ in a S
2-surface.
θˆ+ decreases with the increase of the gravitational field. The divergence of ingoing null geodesics is θˆ− < 0 in the
entire black hole metric. θˆ+ > 0 for r > 2m in Schwarzschild, while it is negative in the BH interior. The marginally
outer trapped 2-surface A2dMOT is defined as a space-like 2-sphere satisfying the condition
θˆ+(A2dMOT ) = 0 (22)
In a Schwarzschild Black hole, the radius of the sphereA2dMOT coincides with the Schwarzschild radius; while S2-spheres
radii r < rS = 2M are trapped surfaces, i.e. θ(A2dTS) < 0.
By virtue of definitions in 2d, one can iteratively construct definitions for d-dimensional surfaces. In D = 4, the
surfaces of interest have D − 1 = 3 dimensions. For an antievaporating BH in D = 4, the horizon is a dynamical
Marginally outer trapped 3-surface, while in D-dimension a D − 1-surface. The D − 1 surface can be sectioned in
a foliation of marginally trapped D − 2-surfaces, in turn foliated in D − 3 and iteratively down to 2-surfaces. For
simplicity, we can foliate the D − 1-hypersurface in hyperspheres as the following chain
AD−2TS → FD−2{SD−3} → ...→ F1{S2}
where FD−2 are operations of foliation of a D − 2 surface.
The difference between an emitting marginally outer trapped D − 1-surface AD−1time−like and a non-emitting surface
AD−1space−like is exactly characterized by their different directional derivative of θˆm along an ingoing null tangent vector
na:
θˆm(AD−1time−like) = 0, ∇na θˆm(AD−1time−like) > 0 (23)
while the non-emitting one is define as
θˆm(AD−1space−like) = 0, ∇na θˆm(AD−1space−like) < 0 . (24)
We can consider the Raychaudhuri equation associated to an antievaporating Nariai BH. Let us solve the problem
with choosing an initial Chauchy’s condition θ(λ¯) > 0, where λ¯ is an initial condition of a generic affine parameter λ.
Generically for antievaporation, the null Raychauduri equation is bounded (setting 8piGN = 1)
dθˆ
dλ
< −(G−1Tab +Hab)kakb , (25)
4with Tabk
akb = 0 on the BH horizon, the Cauchy surface can be focalized by Hab if
Habk
akb > 0 .
This leads us to formulate a general criteria for antievaporation: the extension of GR considered has to provide a an
extra attractive term in the Raychauduri equation. Otherwise antievaporation cannot be sourced. If and only if this
condition is realize at the Schwarzschild radius of the Nariai solution, the antievaporation phenomena will happen.
In other words, even if no matter-energy was present in close to the BH horizon, the geometric fluid would source the
focalization of the null Chauchy surface. For this motivation, the Narai solution cannot be stable if Hkk > 0 (tensor
contraction omitted).
In general, the combination Hkk will be a function of time with respect to an external observer in an inertial
reference frame, i.e. Hkk = H(x, t). Now, if H(x, t) is analytic function with respect to the time variable, we can
perform a power series expansion. In this case, for antievaporating solution it will be always true that Hkk > H0 ≥ 0
where H0 is the zero order coefficient of the Taylor expansion of H(x, t) in time. This implies that
θˆ(λ) < θˆ(λ) −H0(λ− λ¯) +O{(λ − λ¯)2} (26)
in turn implying θˆ(λ) < 0 for λ > λ1 − θˆ1/H0 – neglecting O{(λ− λ¯)2}.
So that, we arrive to a general and powerful conclusion: the antievaporation phenomena cannot happen if energy
conditions, and in particular the positive null energy condition, for the tensor Hab is violated!. In other words, the
positive null energy condition has to be respected not only by ordinary matter but also by the new geometrical fluid. In
this sense, the null energy condition is deformed and it is extended to the effective energy-momentum tensor including
the contribution of the geometrical fluid. This conclusion is connected to the attractive nature of gravity: a violation
of the null energy condition of the entire effective energy-momentum tensor implies repulsiveness of gravity.
3.1. The case of f(R)-gravity
In this section, we specialize our general arguments to the case of f(R)-gravity, where
G1 = f ′(R), G2 = 1, Hµν = 1
f ′(R)
{
1
2
[Rf ′(R)− f(R)]gµν −∇µ∇νf ′(R) + gµνf ′(R)
}
(27)
The antievaporation condition is
Hµνk
µkν =
{
1
2
[Rf ′(R)− f(R)]gµνkµkν − kµkν∇µ∇νf ′(R) + kµkνgµνf ′(R)
}
> 0 . (28)
Let us consider this condition in the Nariai background. Now we can use the perturbation theory methods around
the Nariai solution, using the parametrization of Eq.(18), we obtain from Eq.(28). Since, we are interested to study
fluctuations on the horizon, where Gµνk
µkν = 0, we can perturbe (Gµν +Hµν)k
µkν equivalently to Hµνk
µkν . We can
decompose Eq.(28) in components (t, t), (x, x), (t, x), (θ, θ), (ψ, ψ) – conditions for (θ, θ) and (ψ, ψ) lead to the same
equation – equivalent to the following equations. We will try the extremal solutions for δ(Gµν +Hµν)k
µkν = 0:
0 =
−f ′(R0) + 2Λf ′′(R0)
2Λ cosh2 x
[4Λ(−δρ+ δφ) + Λ cosh2 x(2δρ¨− 2δρ′ − 4δφ¨+ δφ′′)] (29)
− f(R0)
Λ cosh2 x
δρ− f ′(R0)(−δρ¨+ 2δφ¨+ δρ′′ + 2 tanhxδφ′) + (δR′′ + tanhxδR′)f ′′(R0) = 0
0 =
−f ′(R0 + 2Λ2f ′′(R0)
2Λ cosh2 x
[4Λ(−δρ+ δφ) + Λ cosh2 x(2δρ¨− 2δρ′ − 4δφ¨+ δφ′′)] (30)
+
f(R0)
Λ cosh2 x
δρ− f ′(R0)(δρ¨+ 2δφ′′ − δρ′′ + 2 tanhxδφ′) + f ′′(R0)δR¨
0 = −2(δφ˙′ + tanhxδφ˙) + f
′′(R0)
f ′(R0)
(δR˙′ + tanhxδR˙) (31)
50 = [4Λ(−δρ+ δφ) + Λ cosh2 x(2δρ¨− 2δρ′ − 4δφ¨+ δφ′′)]−f
′(R0) + 2Λf
′′(R0)
2Λ
(32)
−f(R0)
Λ
δφ− cosh2 xf ′(R0)(−δφ¨+ δφ′′)− cosh2(−δR¨+ δR′′)f ′′(R0)
where
δR = Λ[cosh2 x(2δρ¨− 2δρ′′ − 4δφ¨+ 4φ′′)− 4δρ+ 4δφ)]
These equations correspond to the ones studied by Nojiri and Odintsov. They obtained the same set of equations
starting form field equations while in our case from the antievaporation bound [5]. As already tried in Ref. [5],
analyzing these equations, one can obtain the solution
r−2H =
1 + δφ(x0, τ)
Λ
, δφ± = φ0 exp
{
−1±
√
1 + 4µ2
2
t
}
, µ2 =
2(2α− 1)
3α
, α =
2ΛfRR(R0)
fR(R0)
. (33)
Considering δφ, it will antievaporate if µ2 > 0, i.e. α < 0&α > 1/2. This bound is obtained from condition in
Eq.(28) On the other hand, for 4µ2 < 0 the solution evaporates, corresponding to the opposite bound to Eq.(28).
3.2. The case of Gauss-Bonnet gravity
In this section, we will consider the Nariai black holes in f(G)-gravity. The f(G)-gravity has an action which reads
I =
1
2κ2
∫
d4x
√−g[R+ f(G)] (34)
where G is the Gauss-Bonnet topological invariant
G = R2 − 4RµνRµν +RµνρσRµνρσ . (35)
The EoM in vacuum is
Gµν = −Hµν (36)
where
−Hµν = 1
2
gµνf − 2FRRµν + 4FRµρRρν (37)
−2FRρστµ Rνρστ − 4FRρσµνRρσ + 2R∇µ∇νF − 2Rgµν∇2F
−4Rρν∇ρ∇µF − 4Rρµ∇ρ∇νF + 4Rµν∇2F + 4gµνRρσ∇ρ∇σF − 4Rρσµν∇ρ∇σF .
Here we used the notation F = ∂f/∂G.
The antievaporation condition, related to the positive null energy condition on the H tensor, must be applied on
Eq.(37). Perturbing the antievaporation condition as δ(G +H)kk|horizon, which is equivalent to δHkk on the black
hole horizon, we obtain
4Λ(F (G0) + Λ
2 cos2 τ)δρ¨+
(
2 + 8Λ(F (G0 sec
2 τ − Λ cos2 τ)) δρ′′ (38)
−2 tan τ (1 + 4ΛF (G0)− 4Λ(F (G0) sec2 τ + Λcos2 τ)) δφ˙+ sec2 τ
(
1
2Λ
− 2F (G0)
)
δR
+δρ
(
sec2 τ(4 + Λ−1f(G0)− 12ΛF (G0))− 8Λ2
)
+ sec2 τ
(
F (G0)
2Λ
− 2ΛF ′(G0)
)
δG+ 8ΛF ′(G0)δG˙
′
6+4ΛF ′(G0)δG¨− 8Λ tan τF ′(G0)δG˙+ 4ΛF ′(G0)δG′′ − 8Λ tan τF ′(G0)δG′ + 8Λ2(δφ − δρ) = 0 ,
(−1 + 4ΛF (G0))δρ′′ + (1 + 4ΛF (G0))δρ¨+ 2δφ′′ − 2 tan τ(1 − 4ΛF (G0))δφ˙ (39)
+ sec2 τ
(−4− Λ−1f(G0) + 4ΛF (G0)) δρ+ sec2 τ (2F (G0)− Λ−1) δφ˙
+sec2 τ
(−4− Λ−1f(G0) + 4ΛF (G0)) δρ+ sec2 τ
(
2F (G0)− 1
2Λ
)
δR
+sec2 τ
(
−F (G0)
2Λ
+ 6ΛF ′(G0)
)
δG+ 4ΛF ′(G0)(δG
′′ − δG¨) = 0 ,
(
1 + 4ΛF (G0)(3− 2 cos2 τ
)
δφ˙′ − tan τ(1 + 8ΛF (G0) sin2 τ)δφ′ − 6ΛF ′(G0)(δG˙′ − tan τδG′) = 0 , (40)
− cos τ (cos τ + 4ΛF (G0)(1 − cos3 τ)) δφ¨+ cos τ (cos τ + 4ΛF (G0)) δφ′′ (41)
+
(
2F (G0)− 1
2Λ
− 4F (G0)
Λ
)(
4
Λ
+
f(G0)
Λ
+
4ΛF (G0)
cos τ
)
δRδφ+
(
8ΛF ′(G)− 4F
′(G0)
Λ
− 2ΛF ′(G0) sec2 τ − F (G0)
2Λ
)
δG
+4ΛF (G0) sec τ(1 − sec τ)δρ− 4ΛF (G0) cos4 τ tan τδφ˙ = 0 .
Here we defined the perturbation around the Gauss-Bonnet invariant and Ricci scalar backgrounds G0 and R0 as
follows:
δG = G0
[
δρ¨− 5
2
cos2 τδρ′′ + 2 cos2 τδφ + 2(cos2 τ − 2)δρ
]
(42)
δR = 2F ′(G0)
(
G0δG+R0G− 2R0µν∇µ∇νδG
)
. (43)
As tried in f(R)-case studied above, the system of equations that we obtain is exactly the one studied in Ref. [7]
and leading to antievaporating solutions. We limit our-self to comment on the case studied numerically in Ref. [7]
and displayed in Fig.10. The authors considered a model for accelerated cosmology
f(G) = λ
√
GS [−α+ g(x)] , x = G/GS , g(x) = x arctanx− 1
2
log(1 + x2) , (44)
where α, λ are real positive parameters and Gs ∼ H40 with H0 the Hubble constant. The numerical solution shown
in Fig.10 of Ref. [7] shown a secular antievaporation which is followed later on by a violent evaporating contraction.
This means that energy conditions have dynamically switched from positive NEC preserving Hkk > 0 to the NEC
violating Hkk < 0.
4. CONCLUSIONS AND OUTLOOKS
In this paper, we have studied evaporation/antievaporation in extended theories of gravity. From our analysis, we
arrived to the conclusion that evaporating/antievaporating Nariai solution will be omnipresent in Lorentz invariant
extensions of the Einstein-Hilbert action 1. In particular, we related the evaporation to the violation of the null
1 The problem of classical stable BH solution in Lorentz Breaking massive gravity was studied in our paper [20]. We found stringent
constraints from the analysis of geodetic stability.
7energy condition imposed on the geometric fluid – composed of extra degree of freedom coupled to the massless
spin-2 graviton. On the contrary, a violation of the null energy condition (NEC) by the geometric fluid turns off the
antievaporation instability. Our results are independent by the number of space-time dimension, so that they can be
applied for example for solutions of string-inspired modified gravities like brane-worlds or intersecting D-brane worlds
embedded in a higher dimensional bulk.
So that, the imposition of the NEC on the gravitational energy-momentum tensor necessary censors any possible
evaporation instabilities. On the other hand, if the NEC condition bound is positive, antievaporation inevitably will
occur. In order to turn off any instabiltiies, the gravitational energy-momentum tensor must be null on the black hole
horizon.
Finally, let us comment that still many aspects on evaporation and antievaporation remain obscure. First of all,
it is unclear what this should imply at virtual level, in particular in the case of virtual black holes. This issue is
very relevant for issues regarding the cosmological vacuum energy [21] and information in quantum gravity [22].
Second, further quantum chaos effects are expected to be crucially important in such an unstable solutions [23–25].
Finally, it is conjecturable that further other reasons related to new symmetry principles could be found behind
evaporation/antivaporation dynamics – see e.g. Refs.[26–28].
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